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Abstract 

We compare the one-loop corrections to the entropy of a black hole, from quantum fields of 
spin zero, one-half, and one, to the entropy of entanglement of the fields. For fields of spin 
zero and one-half the black hole entropy is identical to the entropy of entanglement. For 
spin one the two entropies differ by a contact interaction with the horizon which appears in 
the black hole entropy but not in the entropy of entanglement. The contact interaction can 
be expressed as a path integral over particle paths which begin and end on the horizon; it 
is the field theory limit of the interaction proposed by Susskind and Uglum which couples 
a closed string to an open string stranded on the horizon. 
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1. Introduction and Overview 

Black holes have thermal properties. This remarkable fact can be established by anal- 
ogy with an ordinary thermodynamic system, where temperature is the inverse periodicity 
in Euclidean time, and entropy is the variation of free energy with respect to temperature. 
The temperature of a black hole is fixed by requiring that the Schwarzschild metric yield a 
smooth solution of the Einstein equations when continued to imaginary time. This forces 
the periodicity of the Euclidean time coordinate to be the inverse Hawking temperature. 
The entropy of a black hole is then found by varying the periodicity in Euclidean time 
while holding the geometry on a spatial slice fixed, a procedure which introduces a coni- 
cal singularity at the horizon. The classical action for gravity evaluated on such a space 
leads to the usual expression for black hole entropy , while quantum corrections to the 
classical entropy result from fluctuations of the metric or matter fields in the background 
with the conical singularity. We work in the limit of infinitely massive black holes, so that 
curvature vanishes except possibly on the horizon, and the inverse Hawking temperature 
becomes the 27r periodicity of the plane in polar coordinates. 

Quantum corrections to the entropy from matter fields have been extensively studied 
|3^T^. It has been realized that, in some cases, these corrections have a state counting 
interpretation as entropy of entanglement, or equivalently, as Rindler thermal entropy. A 
quantum field in its Minkowski vacuum state has correlations between degrees of freedom 
located on opposite sides of an imaginary boundary, so measurements made only on one 
side of the boundary see a mixed state, with a corresponding entropy of entanglement. 
The density matrix which describes the mixed state is a thermal density matrix in Rindler 
coordinates, and entropy of entanglement may be equivalently understood as the thermal 
entropy which the field carries in Rindler space. 

In this paper we explore the relationship between black hole entropy and entropy of 
entanglement for matter fields of spin zero, one-half, and one. We distinguish between 
black hole entropy, given by the response of the field to a conical singularity, and entropy 
of entanglement, obtained from the density matrix which describes the vacuum state of 
the field as observed from one side of a boundary in Minkowski space. For spins zero and 
one-half, there is no need for the distinction: the one loop correction to the black hole 
entropy is equal to the entropy of entanglement. At spin one, the black hole entropy is 
equal to the entropy of entanglement plus a contact interaction with the horizon. The 
contact interaction cannot be interpreted as entropy of entanglement in quantum field 
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theory; indeed we will see that it makes the one loop correction to the black hole entropy 
negative. 

The first hint that something non-trivial happens for spin one comes from its one-loop 
renormalization of Newton's constant. The effective action from integrating out a matter 
field in a curved background may be expanded in derivatives of the metric. 

We must evaluate this effective action on a space which is a cone of deficit angle 27r — /3 
times a transverse fiat {d — 2) -dimensional space with area A±. Susskind and Uglum 
have argued that for infinitesimal deficit angles only the Einstein-Hilbert term in the 



effective action contributes, so that we only need to know the coefficient ci [|T3 



i minimally coupled scalar 

Ci = 2 1*^/^1 Dirac fermion (with 2^'^/'^^ components) 
— 1 abelian gauge field including ghosts 

The integral of the scalar curvature is proportional to the deficit angle of the cone, 
/ d'^Xy/gR = 2A^(27r — At the on-shell temperature (3 = 27r, the contribution of 
the field to the entropy of a black hole is given by 

r°° d^ 2 

- /, (4^^""" • 

Note that the contribution to the entropy is proportional to the horizon area (set A± = 1 
in d = 2). It is ultraviolet divergent; e is an ultraviolet cutoff put in by hand. In (i = 2 it 
also diverges in the infrared and the mass m must be kept non-zero to provide a cutoff. 

For d < 8 a spin one field makes a negative contribution to the coefficient of the 
Einstein-Hilbert term and also, therefore, to the black hole entropy. This negative contri- 
bution is responsible for the non-renormalization of Newton's constant in certain super- 
symmetric theories. It means, however, that the contribution to the black hole entropy 
from a spin one field cannot be identified solely with entropy of entanglement or Rindler 
thermal entropy, both of which are intrinsically positive quantities. 
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To understand this better we turn to the work of Susskind and Uglum , who advo- 
cate that black hole entropy can be understood within string theory. The string diagrams 
they claim are responsible for black hole entropy are shown in Fig. 1. The genus zero 
diagram if time sliced with respect to the polar angle around the horizon describes the 
propagation of an open string with its ends stuck on the horizon. There are two classes of 
diagrams at one loop. The first class describes the propagation of a closed string around 
the horizon, and has a thermal interpretation as a string at a position-dependent proper 
temperature. The second class describes an interaction between a closed string and an 
open string stranded on the horizon. It does not have a thermal interpretation, and can 
only be viewed as an interaction correction to the entropy which is present at genus zero. 
Unfortunately it is difficult to give a precise meaning to these string diagrams, since they 
involve defining string theory in an off-shell background . 



At low energies, the string diagrams reduce to the particle diagrams of Fig. 2. The 
physical interpretation of the classical entropy as counting configurations of stranded 
strings is lost. At one loop we have a thermal interpretation of a particle encircling the 
horizon, but also expect to find a contact interaction with the horizon. Susskind and 
Uglum have suggested that this contact term is responsible for the non-renormalization of 
Newton's constant in certain supersymmetric theories. 



horizon 






Fig. 1. String diagrams responsible for the black hole entropy up to one loop. 



3 



horizon 



c 




>c 



Fig. 2. Low energy limit of the string diagrams. 



Motivated by these particle diagrams we calculate the partition function on a cone for 
fields of spin zero, one-half, and one. We now summarize our main results. For a scalar 
field the relevant one loop determinant may be expressed in terms of a single particle path 
integral, which can be explicitly evaluated. 



In the final line we drop a divergent cosmological constant, which does not affect the 
entropy. In two dimensions A± = 1, and the mass must be kept non-zero as an infrared 
regulator. Note that the on-shell entropy agrees with the result obtained above from 
the renormalization of Newton's constant; this shows that the argument of Susskind and 
Uglum that only the Einstein-Hilbert term contributes is valid. We will show that this 
entropy is equal to the entropy of entanglement, as well as the Rindler thermal entropy, of 
a scalar field. 

For an Abelian gauge field we have the following one loop determinant. We use a 
covariant gauge, neglect the cosmological constant, and introduce an infrared regulating 




logdet(-n -hm^) 




closed loops 
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mass which may be set to zero in greater than two dimensions. 

/?i^gauge = \ logdet (^g^^'i-U + m^) - i?'^^ + " ^ ^''^") " logdet(-n + rr?) 

= {d~ 2)/?Fgcalar 

+ P ds J Vx{t) exp-y dTi^Qi^yX^x" + m?) 



a;(0)=a;(s)e horizon 

~ ds 
(47rs)rf/2' 



-sm 



The first term is the free energy of d — 2 scalar fields, corresponding to the d — 2 physical 
polarizations of a gauge field. The next term is a surface term at the horizon, expressed 
as an integral over particle paths which begin and end on the horizon. The last term is 
actually a surface term at infinity; it will cancel the the surface term at the horizon when 
P = 2iT. The path integrals may be explicitly evaluated. 



/5Fgauge =id- 2)/?Fscalar + ^±(27r - (3) £ 



{Ansy/ 



This gives the same on-shell entropy as was obtained above from the renormalization of 
Newton's constant. We will show that the bulk term in the black hole entropy is equal 
to the entropy of entanglement of the field, and can also be understood as bulk thermal 
entropy in Rindler space. The surface term, on the other hand, does not admit a thermal 
or state counting interpretation; it is not present in the entropy of entanglement. 

In two dimensions a Dirac fermion has the same partition function on a cone as a 
scalar field, /J-Foirac = /9-Pscaiar (modulo a cosmo logical constant). This gives the same 
on-shell entropy as was obtained above from the renormalization of Newton's constant. 
It is equal to the entropy of entanglement, as well as the Rindler thermal entropy, of the 
Dirac field. 

The rest of this paper develops these claims in detail. In the next section we consider 
scalar fields; many of the results exist in the literature but we will need them for reference. 
The following two sections treat Abelian gauge fields and Dirac fermions. In the final 
section we summarize our results and speculate about their implications. 



2. Scalar Fields 

We wish to show that the entropy of entanglement of a scalar field is identical to the 
entropy which it contributes to a black hole. We'll begin from the definition of entropy of 
entanglement, and show that it can be calculated from the partition function on a cone. 
For simplicity we work in two dimensions. 

First, we must find the Minkowski vacuum state of the field. The vacuum wavefunc- 
tional is given by a Euclidean path integral on the upper half plane. 

(j){T = 0,x) = (j}o{x) 

A classical field (pel obeying the equations of motion and the relevant boundary conditions, 
(/)ci(t = 0, x) = (j)Q{x) and (/)ci as r — > oo, may be given in terms of the Dirichlet 
Green's function on the upper half plane, which can be constructed by the method of 
images. 

/oo 
dx'dr'\^,^QGD{T, x\t', x')(po{x') 
-oo 

Gd{t, x|r', x') = G{r, x\r\ x') — G{t, x\ — r', x') 
The Gaussian path integral is easily evaluated. 

/oo poo 
dx I dx' (i)Q{x)dr\^_Qdr'\^,_QG{T,x\T' ,x')(j)Q{x') 
-oo J — oo 

Next we express this vacuum wavefunctional in a more convenient basis. In polar co- 
ordinates on the plane, the quantum mechanical rotation generator (Rindler Hamiltonian) 
Hn — —rdrvdr + m^r^ is self-adjoint with respect to the inner product < (^i|(^2 >= 
/o^ ^4'i4'2'i its eigenfunctions obey the expected completeness relations. 

4>e{i^) = sinh nE KiE{mr) 

TT 

HnMr) = EcPEir) < E < oo (2.1) 
Jo r 

The Green's function takes on a canonical thermal form when expressed in terms of these 
eigenfunctions . 

G{r,9\r',9') = —Kq im^r'^ + r'2 - 2rr' cos(^ - d')\ 



n= — oo 
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Entropy of entanglement, relative to a division of space at a; = 0, is defined as the 
entropy of the density matrix obtained by tracing out the degrees of freedom located at 
X < from the vacuum density matrix |0 >< 0|. Set ^0(3^) = (t>-{x)9{—x) + (j)^{x)9{x). 
By expressing cp- and (p+ in terms of the Rindler eigenfunctions one finds that the vacuum 
wavefunctional is an infinite product of harmonic oscillator propagators, 

1 EdE r 

V'[(/>-,(/>+] = deti/2G'^ exp-- / .^^^^ [ {4>\{E) + (j^liE)) coshnE 

-2ME)ct>-{E) 

= \{<ct^-{E)\e--''''\ME)> 

E 

where He is the quantum mechanical Hamiltonian for a harmonic oscillator of frequency 
E. The oscillator is evolved through n in imaginary time, from an initial coordinate (p+{E), 
to a final coordinate 4>- (E) . A precise definition of the product over E could be given by 
putting the system in a box to make the spectrum discrete. 

This shows that the entanglement density matrix is a thermal ensemble with respect 
to the Rindler Hamiltonian at an inverse temperature f3 = 2n. This is of course the Unruh 



effect [0 , that the Minkowski vacuum state of a quantum field is a thermal state in Rindler 
space. It means that entropy of entanglement may be calculated as thermal entropy in 
Rindler space. Although the explicit calculation we have performed is specific to a scalar 
field, the formal proof that entropy of entanglement and Rindler thermal entropy are the 
same is quite general P,p!5|j9[1. 

To calculate the entropy of entanglement we are lead to construct thermal ensembles 
with respect to the Rindler Hamiltonian at an arbitrary temperature (/3 7^ 27r). The next 
step in making contact with black hole entropy is to write the Rindler thermal partition 
function as a determinant, which in turn becomes a functional integral on 'optical space' 
I3,|18|,|l|j2g]. 



Z = det-V2 i-dl + Hl) 

r r°° 1 

/ ^^^/'opticai exp - / de — + Hi) (J) 

J Jo Jo ^ ^ 

The eigenfunctions entering in the determinant are to be periodic in 6 with period (3. The 
action in the path integral is exactly the action for a scalar field on a cone of deficit angle 
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2n — /3. The integration measure is different, however, since it must be defined by 

j ^^<^opticaiexp-^ j d'^Xy/gopticai = 1 

^^^opticai = ^ {dr' + r'dO') 0<e<(3 

This optical measure is what one would obtain by writing the action for a scalar field on a 
cone in first order formalism, with coordinates (p{x) and momenta 7r(x), and adopting the 
canonical measure VirVcp = Yl ^""^^'^"^ . Integrating out the momenta leaves the measure 

^^<?!'opticai for the integration over coordinates [pO| . 

Rather than use these optical/canonical measures, we would like to do our calculations 
on a cone using a manifestly coordinate covariant measure. 

j ^^(/'covariantexp -i J (fx^Qcoue <f = 1 

Evidently there is a confiict between manifest covariance and the canonical measure. As the 
conical and optical metrics are related by a conformal transformation, (is^one = ^^'^■^opticai' 
with a conformal factor that is independent of 9, the corresponding integration measures 
differ by the exponential of a term of 0{P) (a Liouville action in the case of a massless 
scalar field [^). This difference does not affect the thermodynamics, which establishes 
that the entropy of entanglement of a scalar field may be computed from its covariant 
partition function on a cone. 

We conclude this section with a calculation of the scalar partition function [^. We 
work in arbitrary dimension on a space which is a cone of deficit angle 2tt — (3 times a 
transverse fiat [d — 2) dimensional space with area Aj^. The free energy can be written 
with an integral representation for the logarithm, 

(3F = ^logdet(-n + m2) 

^--j d'x^ ^e-^- K{s,x,x), 

where the heat kernel K{s, x, x) may be expressed as a single particle path integral. 

K{s,x,x') =< x|e~''^~'-')|x' > 

= J Vx{t) exp — y dr ^g^jjX^x^ 
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To evaluate the heat kernel we diagonalize the Laplacian. 



(27r)(^-2)/2 



lei., /c G R+, G R' 



d-2 



(2.3) 



j d''x^<l>li^^<l>,,i'i.'^=Si,S{k-k')6^''-'\k^-k'^) 



We have chosen eigenfunctions which are regular at the origin, corresponding to the 
Priedrichs extension of the Laplacian on a cone p2|. The heat kernel is given in terms 
of these eigenfunctions as 

K{s,x,x')= / dk I d''-^k^e-<''"+^"^)<Pkii.A^)rki^Jx'). 

l= — oo ^ 



The sum and integral may be performed |2^,^, with the result that at coincident points 

(2.4) 



K{s, X, x) 



(47rs)'^/2 2/3 (47rs)^/2 



cot ^(tt + iy) + cot ^(tt - iy) 



The first term l/(47rs)'^/^ in the heat kernel gives rise to a divergence in the free energy, 
which can be absorbed in a renormalization of the cosmological constant, and which does 
not affect the entropy. From the remainder of the heat kernel we find 



/^Fsealar = -^A^ ( 1 - 



ds 



(2.5) 



This is the result given in the Introduction. 



3. Vector Fields 

We now show that the entropy of entanglement of an Abelian gauge field in two 
dimensions is identically zero, while the black hole entropy is given by a non-zero surface 
term at the tip of the cone. 

It is easiest to see that the entropy of entanglement vanishes in Coulomb gauge. In 
Cartesian coordinates on the plane. Coulomb gauge corresponds to setting = Q and 
dxAx = 0. There are no dynamical degrees of freedom in this gauge, so there can be no 
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correlations present across a boundary, and the entropy of entanglement unambiguously 



Defining the Rindler thermal entropy of a gauge field is more subtle. Introduce polar 
coordinates on the plane. It is tempting to adopt Coulomb gauge, by setting = and 
drAr = 0. It seems that there are no degrees of freedom in this gauge, so the Rindler 
thermal entropy must vanish. But Coulomb gauge breaks down at the origin, where Ag 
is ill-defined, so this argument is only valid in the bulk: it shows that the bulk Rindler 
thermal entropy of a two dimensional gauge field vanishes. 

In order to include the origin in our treatment, we must use a different gauge. We 
now re-analyze the problem in covariant gauge. What we shall find is that, instead of 
unambiguously vanishing, the Rindler thermal entropy is ill-defined, because the Rindler 
Hamiltonian does not have normalizeable eigenstates. 

In covariant gauge we diagonalize the quantum mechanical Rindler Hamiltonian as 
follows. The equations of motion in covariant gauge V^F^'^ + iV^V^A^ = are solved 
by the ansatz 



where (p is a solution of the scalar equation of motion \3(f) = 0. We seek solutions of 
the form Afj^{r,9) = e~^^ Ae ^{r)- Given an eigenfunction ^£;(r) of the scalar Rindler 
Hamiltonian we can construct a zero mode of the Laplacian, (/>£;(r, 9) = e~'^^^£;(r), 
and in turn a pair of eigenfunctions of the vector Rindler Hamiltonian. 



These vector eigenfunctions are not acceptable, however. As r — > 0, they behave like 1/r, 
and this makes them too singular to be 5-function normalizeable in the inner product 



We see that the quantum mechanical Rindler Hamiltonian is ill-defined in covariant 
gauge, and that a thermal partition function cannot be constructed, due to the bad be- 
havior of the eigenfunctions near the origin. In this way a vector field escapes the formal 
proof that entropy of entanglement is equal to black hole entropy [^|7|,|8|,Pi|T5| . 



vanishes .0 




e-'^'A^^^{r)=d,Mr,0) 
e-'''Al^{r) = ^e^,d''Mr,0) 




^ A possible constant background electric field does not change this conclusion |25]. 
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One can nevertheless define the partition function for a gauge field on a cone using a 
path integral [^. In the absence of a Hamiltonian description of this path integral, the 



entropy obtained by varying with respect to the deficit angle of the cone can and does 
come out negative. We begin in two dimensions and work in covariant gauge. The free 
energy may be expressed as a determinant. 

= - log det (g^^i-n) - R^" + ( 1 - M ) - log det(-n) 



To calculate the determinant we diagonalize the vector wave operator. The explicit cur- 
vature term R'^'^ in the wave operator is a delta function at the tip of the cone; to treat 
this in a well defined way we delete the point at the tip, and work on the space ]R2 - {0}. 
Eigenfunctions of the vector wave operator may then be generated from eigenfunctions of 
the scalar Laplacian (|2.3| ), using the same ansatz we used above to solve the equations of 
motion. 

^kiif. 0) = ld^(j)kiir, 6) with eigenvalue i/c^ A; G 111+ / G ^ 

^) = iy/9^fiud'^4'ki{r, 9) with eigenvalue k"^ 

(3.1) 

The vector determinant can be expressed in terms of these eigenfunctions via a heat kernel. 
It is necessary to introduce both ultraviolet and infrared cutoffs in d — 2. 

/3F.ector = -J I d'xM r -e-'<g^,K^\s,x,x) 



(3.2) 



+ r^e-^"^-^7^.i^^"(.,x,x 

K^^\s,x,x')= V / dke-^^"'^Al{x)Al%x') 
1 Jo 

l= — oo 

K^"(s,x,x') = V / dke-'^^ A'^{x)A^T%x') 



l= — oo ' 

We fix the remaining ambiguity in these expressions by imposing some physical require- 
ments. 

First, the vector wave operator must be self-adjoint. When a vector field is expressed 
in terms of a scalar field using the ansatz (|3.1| ) , this becomes the requirement that the scalar 
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field be non-singular at the tip of the cone. So in constructing the vector determinant, we 
must use the non-singular scalar eigenfunctions (|27^). 
Second, we must impose BRST invariance, 

= ixdtJ^m 5^ r]i = ^xV^A'" d^r]2 = 

where rji, 772 are real scalar ghosts and x is a Grassmann parameter. This requires that 
the ghost determinant be constructed from the same scalar eigenfunctions that enter in 
the vector determinant. Note that BRST invariance plus self-adjointness implies that 
/3-fghost = — 2/3Fscaiar, with the scalar determinant given in (|2.5|) . 

Third, we'd like the partition function to be independent of the gauge fixing parameter 
^. The partition function is gauge invariant; it will be independent of ^ provided we use 
a gauge invariant cutoff. Suppose we regulate the ghost determinant as in (|2.2| ), with an 
infrared cutoff m and an ultraviolet cutoff e. If we set the cutoffs on the vector determinant 
( P^) according to 

2^2 2 2 It 

22 22 
erp = e , rrirp = m 

then ^ will drop out of the free energy, upon rescaling the proper time s ^s. No matter 
what choice of covariant gauge one makes initially, with this choice of cutoffs one ends up 
in Feynman gauge, with ^ = 1. 

In fact this choice of cutoffs is not arbitrary. We have constructed regulated determi- 
nants, defined by 

logdetL = Tr (^e""'-^ log e2(L + m2)) . 

A BRST transformation relates a ghost mode with eigenvalue /c^ to a longitudinal mode 
with a different eigenvalue /c^/^. To respect BRST invariance the regulator must modify 
these two eigenvalues in the same way, which fixes the above relationship between the 
ghost and longitudinal cutoffs. 

We continue with the calculation of the partition function, by expressing the spin- 
traced vector heat kernel at coincident points in terms of the eigenfunctions (O). We set 
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This is equal to the scalar heat kernel plus a total derivative. 

5M^^vector(S:2;,a;) = 2Kscaiar(s,a;,a;) + V / -^e~^^^ -drrdr{J\2ni/ p\{kr)Y 

Jq pK r 

t = — oo 

= 2K'scalar(s, X, x) + -Or / ds'rdrKscs^Uris' , X, x) 

^ J s 

2 

= 2ii'gcalar ( 'S 5 3^) ~(~ ~^r'S-K^scalar('S5 

r 

The last equality may be checked from the explicit expression for -K'scaiar given in ( |2.4|) . 
It is a consequence of dimensional analysis; on dimensional grounds the scalar heat kernel 
takes the form jrfir'^/s'), so we can replace rdr with —2ds's', making the s' integral trivial. 
The free energy becomes 



+ /3 / dse-'"^ Kscalar(s,0,0) 



Atis 



The term l/47rs is a surface term from r = oo, which will cancel the surface term from 
r = if /3 = 2ti. The bulk contribution from the vector cancels against the ghosts ind = 2. 



The scalar heat kernel was explicitly evaluated in (|2.4|) ; representing it as a single particle 
path integral leads to the result given in the Introduction, that the free energy for a gauge 
field in two dimensions is given solely by a surface term, which is an integral over particle 
paths beginning and ending on the horizon. 



/5-^gauge /3-fvector "t~ /3-fghosts 

/"OO 

= 13 ds 



2 



Vx{r) exp— / dT{-g^i,x^x^ -\- rm?) 



Alls 



= (27r - /3) £ 



(0)=x(s)=0 

2 



°° ds 



A'KS 



It is straightforward to extend this result to higher dimensions. We will only discuss 
Feynman gauge ^ = 1, since the gauge fixing parameter drops out of the free energy 
with a suitable choice of cutoffs, just as it did in two dimensions. It is convenient to 
introduce indices in the r-9 plane, a, /3 = r, 6*, and indices in the transverse flat directions, 
i,j = l,...,(i— 2. The vector field decomposes into a two dimensional vector A^, and a 

13 



collection of d — 2 scalar fields Ai. The vector wave operator is block diagonal in Feynman 
gauge. 

i-UA)^ = i-VpV^ - djd^)A^ 

i-nA), = {-VpV(' -djd^)A, 

Note the distinction: in the first line, the covariant derivative acts on a vector, while in the 
second it acts on a scalar. The eigenfunctions of the vector wave operator can be expressed 
in terms of the scalar eigenfunctions 

'a<PfcZkj 



k 

A«=0, Af^=5fVit^k, (z) = l,...,rf-2 

This leads to an expression for the spin-traced vector heat kernel in terms of the scalar 
heat kernel. 

fi'/xi/ -^vector ('^5 "^5 x) = (c? — 2)i^scalar('S, X, x) 

°° poo p / \ ^ 

+ 2 J] / dk d''-^k^e-<'"+'"^)^g^^d^c 

l = — oo ^ 
— d -K^scalar('S5 



r\(Pkl\^± I 



+ ldr V Hdk [d''-^k^e-<''"+'"^)^rd, 
2 

= d K scalar t X t ~l~ ~^r'S-K^scalar('S5 2^) 

r 

The ghosts cancel the bulk free energy of two scalar fields, and one obtains the result given 
in the Introduction. 

/JFgauge = {d-2) (^-0 £ ^ j Vx{t) exp - dr ^g^^x^x^ 

closed loops 

POO p r 1 

+ (3 ds / Vx{r) exp — dr -g^^x^x^ 

Je^ J Jo ^ 



(0)=x(s)G horizon 

oo 



(rf-2)/3Fscalar + Ai(27r-/3) 



2 



2 (47rs)<^/2 
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A few remarks on this result: 

(i) The surface terms cancel at /3 = 27r, which is fortunate, because there should not be 
a contact interaction with the horizon when the curvature there vanishes. 

(ii) There are different measures for the integral over proper time in the surface free energy 
compared to the bulk. The additional 1/s is present in the bulk because the group of 
global isometries of a circle, r ^ r + const., must be gauge fixed when performing a 
path integral over closed particle paths . 



As we shall see in the next section, no surface term arises for spinor fields. Note 
that the vector surface term arises from the behavior of the fields in the two dimensions 
which contain the conical singularity. The reason gauge fields differ from spinors and 
scalars is that they are not conformally invariant in d = 2. All fields become effectively 
massless close to the tip of the cone, where the proper temperature goes to infinity. Scalar 
and spinor fields are conformally invariant in this limit, and one may use techniques from 
conformal field theory to obtain their entropy [|2^ . A conformal mapping from the cone to a 
cylinder shows that, for any conformal field theory, the leading divergence of the entropy is 
insensitive to the boundary conditions imposed at the tip of the cone. This argument does 
not apply to gauge fields, where a singular boundary term arises. For example, cutting out 
a small disc around the tip of the cone and imposing boundary conditions on the resulting 
edge would dramatically change the vector partition function by eliminating the surface 
term. 



4. Spinor Fields 

Having treated spins zero and one, it is natural to inquire as to what happens for spin 
one-half. We now show that no surface term arises, and that the contribution of a fermion 
to the entropy of a black hole is equal to its entropy of entanglement as well as its Rindler 
thermal entropy. We work in two dimensions. 

We first ask whether there is a well defined Rindler Hamiltonian for fermions. Intro- 
duce the standard zweibein and spin connection on the cone. 

ds^ = dr^ + r^de^ < 6 < /3 

= cos ^^6*^ dr — rsin ^^6*^ d9 

e = sm I —ti j dr + rcos \ ~^^ ' 



UJ 
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The spin connection has been chosen so that paraUel transport around the tip of the cone 
generates a rotation through the deficit angle 2n — f3. At /3 = 2n this zweibein reduces to 
the usual Cartesian basis of fiat space, and the spin connection vanishes. An inequivalent 
spin structure on the cone is defined by 

= dr, = rde, uj = dO . (4.2) 

The two spin structures differ by a topologically non-trivial Lorentz rotation, which winds 
once around the Lorentz group as the origin is encircled. This will be important below. 
The Euclidean Dirac equation (zy— m)?/' = on a cone may be presented in the form! 

exp(-z7r07V/9) 7^(9e + Hr) expiinO'y^ / = 
where the Rindler Hamiltonian is explicitly given by 



-i{rdr + \ 



—imr 

R = \ " Af^a , 1 



imr i{rdr + 2) 

The rotation operators e*'^^"''^/^ are present because the zweibein ( [4.1| ) depends on 9. 
The rotation operators make up for this, by rotating '0 to the ^-independent frame ( [4.2| ), 
where the rotational invariance of the cone is manifest, and rotations are generated by 
a Rindler Hamiltonian that is independent of 9. Hr is self-adjoint in the inner product 

< '*/'i|'02 >= /o°° drtpl{r)tjj2ir) , and has a complete set of eigenfunctions. 

IT V KiE+i/2{mr) J 

HriIje = Ei/je — 00 < £■ < 00 

/"OO 

/ dr,l;^E^E' = SiE - E') 
Jo 

We see that there is no difficulty in constructing a Rindler Hamiltonian for fermions. 
The formal argument showing that entropy of entanglement is identical to Rindler ther- 
mal entropy applies to fermions [^,^11,^,0. To construct the entropy of entanglement 



for fermions directly from its definition one must introduce a functional state space for 
fermions |2^| . The entropy of entanglement for fermions has been calculated directly from 



its definition by Larsen and Wilczek [30 



^ Conventions: 7^ = ia^ , 7^ = ia"^, ■y^ = 17^7^ = a^, ip = ijj^-f^. Sab = jil"' ,7''], 
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To make contact with black hole entropy, we write the Rindler thermal partition 
function as a determinant, 



-logdeti-dl + Hi) , 



where the determinant is over functions which are anti-periodic in 9. This determinant 
may be represented as a functional integral over anti-periodic Grassmann fields. 

/3i^Dirac = - log det i{de+HR) 

= - log / V^V^j^ exp dO dnpU {de + Hr) 



One gets the classical action for a fermion on a cone, but with the other choice of spin 
structure. That is, in the last line f is constructed from ([4.2| ), which differs from the 
standard spin connection (|4.1|) by a Lorentz rotation which varies from zero to 2tt as the 
origin is encircled. One may revert to the standard spin connection on a cone, at the price 
of changing the fermion boundary conditions from anti-periodic to periodic. So in the end 
we have an expression for entropy of entanglement in terms of a functional integral over 
fermions which are periodic on a cone. 

There is also the question of the appropriate measure in the functional integral. As in 
the scalar case, the measure that reproduces the Rindler thermal partition function is the 
canonical measure on a cone, which differs from the covariant measure by a term of 0{P) 
in the free energy. This difference does not affect the thermodynamics, so we will neglect 
it, and proceed to calculate the fermion free energy using the covariant measure. 

The free energy can be expressed in terms of a heat kernel. 



-log 



-log 




/3F = - log det (zy- m) 
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The heat kernel is constructed from eigenfunctions of the Dirac operator. For P < 2tt the 
Dirac operator has a complete set of non-singular eigenfunctions . 




-zsign(z.)e^2.('+i)^/^J|,|+sign(.)(A:r) 

- ^, keR+, lei. 

d^x^/gtplitjjk'i' = 5w5{k - k') 

For P > 2tc these eigenfunctions develop a singularity at the origin. In fact there are no 
non-singular eigenfunctions of the Dirac operator when /3 > 27r, as using the other set of 
Bessel functions Y^{z) also leads to singular eigenfunctions. This necessitates a non-trivial 
self-adjoint extension of the Dirac operator ||31[]. The self-adjoint extension parameter 



must be chosen so as to make the free energy analytic across (3 = 2n. A simpler procedure, 
which we will adopt, is to calculate for (3 < 2n and define the free energy for [3 > 2n hy 
analytic continuation. The heat kernel may be evaluated using the same techniques as in 
the scalar case [^,^. At coincident points the spin traced heat kernel is given by 



/"OO 

l= — oo ^ 

271S (3 2tisJ_^ sin ^(tt -f zy) 

Substituting this into the expression for the free energy, we find the same free energy as a 
scalar field in two dimensions, aside from a difference in the cosmological constant which 
we neglect. 



,2 



■sm 



This result was given in the Introduction; it leads to the same entropy at /3 = 27r as was 
calculated from the renormalization of Newton's constant in d = 2. 



5. Conclusions 

In exploring the relationship between black hole entropy and entropy of entanglement, 
we have seen that, for scalar and spinor fields, the two are identical, while for gauge fields. 
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they differ by a contact interaction with the horizon which appears in the black hole 
entropy but not in the entropy of entanglement. The contact interaction makes a negative 
contribution to the entropy of a black hole, and is responsible for the non-renormalization 
of Newton's constant in certain supersymmetric theories. It does not have a thermal or 
state counting interpretation within quantum field theory. It is the field theoretic residue 
of the interaction proposed by Susskind and Uglum which couples a closed string to an 
open string stranded on the horizon. 

The classical entropy of a black hole also arises from a contact term localized on the 
horizon [|l|J^]. A state counting interpretation of these contact terms is only possible if 
quantum gravity introduces a degree of non-locality, which resolves the point-like contact 
terms into extended interactions for which a notion of state counting can exist. It seems 
plausible that such an effect does occur, as one would expect quantum gravity to de- 
localize the horizon by at least a Planck length. A concrete proposal has been put forth 
by Susskind and Uglum, in which the extended nature of fundamental strings provides a 
resolution of the contact interactions and leads to a state counting interpretation of the 
classical black hole entropy 0. 

We are led to investigate these issues in theories which are non-local at short distances. 
One way to obtain such behavior within ordinary quantum field theory is to study the 
behavior of a composite field, constructed in a non-local way from elementary fields. Such 
constructions arise naturally in the low energy description of certain large field theories 
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